This paper focuses on the energy management problem applied to residential sector. The studied optimization problem is defined as the optimal management of production and consumption activities in buildings. A scheduling problem is identified to adjust the energy consumption to both the energy cost and the users' comfort. The optimization procedure of energy management is based on available predictions (weather forecast, users habit, etc.). These predictions are not entirely known data of the optimization problem because of uncertainties. Parametric uncertainties are introduced in the home energy management problem in order to provide robust energy allocation. To improve the taking into account of uncertainties of prediction and the energy management problems, a Sensibility and Uncertainties Analysis method based on the procedure Branch & Bound and the multi-parametric linear programming is proposed. After a description of general principles and main steps, this algorithm is applied to various energy flow management problems in a smart platform. Practical application: The problem of energy management in buildings is described as the optimization problem which is defined to adjust the energy consumption of buildings in order to reach equilibrium between production and consumption on the grid. This home energy management problem has been modeled with a lot of parameters that are uncertain data. This is generally the case in modeling. This is particularly true in the energy management problem because of the high sensitivity of the decision (the energy allocation) to the data. The proposed approach permits to analyze the sensitivity of the solutions according to uncertain parameters. Then the impact of an uncertainty can be analyzed. Each family of solutions can be used to quantify locally the stability of a robust solution over the uncertainties.
Introduction
In the concept of smart grids, demand response problem plays major roles in the activation of end-users' participation in the distribution system operation. The distribution system operator, in demand response programs, designs an electricity tariff or an incentive to convince customers to voluntarily change their daily electrical consumption behavior. 1, 2 Since the residential demand represents a large part of the total energy load, residential demand response programs are important from the system operator's perspective.
Several papers, [3] [4] [5] [6] [7] [8] [9] have focused on Home Energy Scheduling Problem (HESP) modeling and formulations. It aims at adjusting power consumption according to the inhabitants' requests in one hand, and to the energy cost on the other hand. The energy cost may consist in both the price of the consumed energy and also its CO 2 equivalent rejection. For instance, during the consumption peak periods when power plants rejecting higher quantities of CO 2 are used and when the energy price is high, it could be possible to decide to delay some consumption activities according to inhabitants' requests, or to reduce some heater set points according to weather forecasts thanks to the thermal storage capability of buildings. However, the uncertainties in real-time price (RTP) of electricity or the power consumption of appliances are not considered during their appliance scheduling processes.
In order to take into account uncertainties in HESP, stochastic optimization with an objective of minimizing expected electricity payment using Monte Carlo simulations 10 and Markov decision process (MDP) 11, 12 is proposed. The uncertainty in real-time pricing is incorporated via expected downside risk 10 and price prediction noise. 11 MDP is used at individual appliance level in Kim and Poor 11 with an objective of reducing the appliance's energy consumption cost. The optimal time slots that can be used for appliance operation are found. Similarly in Tsung-Hui et al., 12 appliances are scheduled individually using MDP to find the optimal appliance switching statuses. Tsung-Hui et al. 12 use machine learning algorithm with hidden Markov chain to incorporate uncertainties in both pricing and customer behavior. However, the stochastic appliance scheduling process needs to be defined well. Although these techniques have been mainly based on deterministic and/or stochastic methods, they have failed to take into account sudden increase in the cost of energy consumption at the building level (i.e., sudden operation of several appliances may lead to an increased cost of consumption) because of missing knowledge about the different uncertainties.
The objective of this paper, therefore, is to quantify the level of infeasibility of the nominal solution in face of various uncertainties of the HESP and, finally, look at what the price is, in terms of the value of the objective function, of our robust problem. The forecast data are assumed to belong to an interval. For the lack of sensibility in the common analysis, multiparametric algorithm is adopted in order to analyze the sensibility of the prediction data uncertainties in one hand and provides the required tools for all methods of HESP, as defined in our previous works, 13 on the other hand. It is important to emphasize that our approach is focused on evaluating how much the optimal solution to a perturbed problem can differ from the one of the nominal problem. It can quantify locally the stability of the nominal solution with respect to infinitesimal data perturbations. After describing our approach for quantifying the level to which data perturbations may affect the quality of a feasible solution to an LP program, the associated results of the proposed approach for the Robust Optimization problems of Platform PREDIS/MHI (see Figure 1 and refer to the modeling of this case study in Le and Ploix 13 ) will be presented.
length T e . At every planning period k, the amount of energy allocated to the CMV system has to be decided in order to maximize the cost of energy consumption and the user dissatisfaction. The decision variables are the consumed energy of the boiler, the air flow rate and the choice of operational mode of the CMV at each period k. Energy costs and resource availability are assumed to be constant over a length T e of a planning period. In this case, in the approach developed in this paper, T e is a data item given by the variation of the resource.
Power supply model
Based on the problem description of a power supply j, the following constraint can be written EðkÞ Pð j, kÞ:T e , 8k 2 f0, . . . , T À 1g ð1Þ where P(j, k) stands for the maximum available power, and E(k) the energy supplied during the time window ½kT e , ðk þ 1ÞT e . This constraint aims at converting the available power into a maximum amount of energy per planning period.
Ventilation unit
A ventilation system is used to properly ventilate the building with outside air to avoid a too high CO 2 level during occupied periods. The operation of this ventilation is divided into four operational modes: recycling, low heat exchange, high heat exchange and free cooling. The choice of operational mode of the ventilation at each period can be formulated using binary variables denoted as ðkÞ. For each period k, an optimal operational mode i for the ventilation has to be decided; it yields with R ðiÞ, Q CMV ðiÞ and P CMV ðiÞ are, respectively, the exchanges with outdoor resistance, the speed of air pumps and the energy consumption of the ventilation. These parameters can be estimated from the measure and correspond to the data of the optimization problem. ði, kÞ, R ðkÞ, Q CMV ðkÞ and P CMV ðkÞ are the decision variables of HESP.
Heating unit
The thermal model of the platform study can be integrated on the discretized planning period ½kT e , ðk þ 1ÞT e . In automatic control theory, one of the most commonly used formulations for the integration of such an equation is based on the following hypothesis: the uncontrolled variables are assumed to be constant throughout the planning period. It yields 
Evolution of inside CO 2 concentration
The evolution of inside CO 2 rate is represented using a zero-order hold, and the discrete time model is given by 
Energy balance
A constraint modeling of the production/consumption balance must also be added. This constraint can be written as
Objective function
The energy management problem can take into account the occupant comfort as an optimization criterion as well as energy cost. In this multi-criteria problem, the best compromise is sought between comfort and cost. The user's comfort is defined by a satisfaction indicator quantified by the difference between a preferred value defined by the user and the optimized value.
Economic criterion. The optimization problem consists in minimizing the cost of energy consumption. The objective function to be minimized can be written as
pðkÞ:EðkÞ ð 11Þ
The objective function and the cost parameters can be adjusted to every pricing policy. Power supply services can be seen as different resources associated with a vector of supplies rather than a matrix. Indeed every end-user service needs a given quantity of the energy resource provided by the supplier.
Comfort satisfaction. Depending on the type of service, the quality of the service achievement may be assessed in different ways. End-user services provide comfort to inhabitants, intermediate services provide autonomy and support services provide power that can be assessed by its cost and its impact on the environment. In order to evaluate these qualities different types of criteria have been introduced. Thermal satisfaction. The occupant's thermal satisfaction can be quantified by the difference between an expected preferred value and the optimized value of inside temperature. Let us define T opt ði, kÞ as the preferred temperature at each planning period. According to the comfort standard 7730, typical models for thermal comfort, which depend on type (office, room, etc.) and quality (humidity and air velocity) of the environment, have been proposed.
14 These models are based on an aggregated criterion named the predictive mean vote (PMV) which is used to calculate the deviation from a neutral environment. In this case, for a given type and quality of the environment, a discomfort index D thermal ði, kÞ can be computed for the thermal zone i at each planning period k from the following equation 
where T opt ðkÞ stands for the requested temperature, and T min ðkÞ and T max ðkÞ stand, respectively, for the minimum and maximum acceptable temperatures.
CO 2 concentration satisfaction. As such, inside air quality depends on the CO 2 concentration from this preferred value. Just as for thermal satisfaction, a CO 2 dissatisfaction criterion for this studied zone is defined as follows where C opt ðkÞ stands for the requested CO 2 concentration, and C min ðkÞ and C max ðkÞ stand, respectively, for the minimum and maximum acceptable inside CO 2 concentration.
Optimization criteria. Depending on the occupant requests, a compromise between cost and comfort has to be formulated. This is generally the case when energy cost is variable as the higher cost corresponds to peak consumption periods. In this paper, which is focused on problem modeling, a very simple aggregation approach has been implemented. The corresponding objective function to be minimized is depicted by the following equation
Parameters t and CO 2 depict the priority between thermal and CO 2 criteria, while parameter depicts the relative importance granted by the user to cost criteria and discomfort criteria. One can take into account, through , the thrifty user and the comfort addict user.
The optimization problem HESP of this case study is defined by equations (1) to (14) . Linearizing using integer variables of these inequalities is not addressed in this paper.
Analysis of uncertainties
Among the parameters of prediction, many are uncertain such as weather forecast. In this section, the main uncertainties affecting the home load energy management problem are depicted.
Sources of uncertainties in the problem of energy management
The uncertainty in home energy management problem may derive from different types. There are two main classes of uncertainties; the first one comes from outside the building (external uncertainties) like the weather forecast or the availability of energy sources. The second one relates to uncertainties arising inside the building (internal uncertainties).
External uncertainties. The weather forecast naturally contains uncertainties. It is difficult to precisely predict the weather. Information on the prediction can be updated regularly. But it remains a difference between actual external temperature and rate of sunshine and predicted ones.
The weather forecast has a significant impact on the local production of energy in the building. In the literature, effective methods for predicting solar radiation during the day are proposed. Nevertheless, it is very difficult to predict the cloud in the sky. The uncertainties about the prediction of solar radiation not only has a direct influence on consumption of service such as heating or air conditioning, but also, it can influence the total amount of available energy if the building is equipped with photo-voltaic panels.
Internal uncertainties. In the building, some energy activities occur without being planned; the user is free to use any electrical component even if it has not been provided for in the energy management system. For example, the user may use the microwave or water boiler. The consumption of some services such as microwave, lighting remains difficult to predict especially their duration and time of execution. The execution of services can be modified (change the modus operandi, cancel a service in progress). The period of occupation inside the building also varies depending on the request of user but regardless of its pre-programming. Modeling every part of the system induces uncertainties also. This very general problem is particularly important in the addressed field of application. User's behavior both impact and is impacted by the execution of services. Moreover, user's behavior cannot be precisely modeled.
We propose to classify the uncertainties according to two types:
. The first type relates to uncertainties that change the data's values of the problem of energy management. Consequently, the actual performance is worst than the optimal predicted solution. . The second type relates to uncertainties that change the structure of the problem by adding or removing strong constraints. The consequence in the worst case is that the current solution is no longer relevant, or becomes non-admissible. It must be replaced by another solution for the new structure of the problem.
In this paper, only the first type of uncertainties will be addressed. The most current uncertainties will be assumed: inaccurate external temperature and unknown services.
Modeling uncertainty
A trail of research for the management of uncertainties is stochastic optimization, representing the uncertainties by random variables. One can find these studies summarized in Greenberg. 15 Three weak points of these stochastic methods in the general case have been pointed out in Billaut et al. 16 :
. the adequate knowledge of most problems is not sufficient to infer the distribution of probability. . several types of data are generally impacted by one kind of uncertainty. The assumption of independent stochastic variables is difficult to satisfy.
An alternative approach of modeling uncertainty is to use intervals to characterize continuous variables. This approach is based on finding minimal and maximal values of these variables. The problem of scheduling with intervals is presented in literature. 17, 18 In Aubry et al., 19 an optimization method based on scenarios is used to model uncertainty in a problem of load-balancing of parallel machines. The association of these three types of models (stochastic, scenario and interval) is also possible according to Billaut et al. 16 In the context of the energy management problem in the house, we are looking for solutions that ensure a threshold of comfort for the user. Stochastic methods can only ensure mean performance. For example, a mean performance of user's thermal comfort can lead to a solution in which the temperature is sometimes very low and often as required level. On the other hand, the method of intervals appears to be an appropriate method to this problem. For example, uncertainty about weather forecast can be modeled by an interval on the outside temperature:
But this uncertainty modeling cannot take into account the time dependency of uncertainties which are mainly related to time series data. 20 However, this limitation of the modeling can be resolved in the proposed approach by using additional constraints which describe the relation between the intervals of uncertainties in two consecutive sampling periods.
Robust energy management problem
In Le and Ploix, 13 parametric uncertainties are taken into account in the optimization problem. The robust formulation introduced by Bertsimas and Sim 21 is depicted and then adapted to the home energy management problem. This proposed approach offers many degrees of freedom to adjust the level of permissiveness of the calculated robust solution. A coverage rate of uncertainties can be chosen for each service and for each period of the planning horizon. The curves of dissatisfaction and the energy cost, corresponding to the different values of violation probability f0; 0, 25; 0, 5; 4 0, 8g are shown in Figure 2 . In the reference case, the uncertainties are not taken into account; over-consumption of the heating service due to uncertainties in peak periods is the most expensive. This causes a high energy cost for this apartment. This is an advantage, but also a point to work. Indeed, a mechanism must be given to the user to choose the best solution for him: the best compromise between robustness and performance, that gives him the satisfaction mostly without degrading too much of the energy cost. In the next section, the multi-parametric programming will be developed to propose the way how to choose the protection level of parametric uncertainties with regard to the entire set of required services.
Sensibility and Uncertainties Analysis method
The objective of this section, therefore, is to find the way of uncertainty and sensibility analysis of the Home Energy Management Problem. For the lack of sensibility in the common analysis, multi-parametric approach is adopted to analyze the sensibilities of the uncertainties influencing the objective function of the HESP.
The parametric programming is a method for solving optimization problem that characterizes the solution according to a parameter. If the problem depends on a vector of parameters, it is referred to as a multi-parametric programming. The first method for solving parametric programming is proposed in Gass and Saaty 22 ; then a method for solving multiparametric is presented in Gal and Nedoma. 23 Borrelli et al. 24 and Bemporad et al. 25 have introduced an extension for the multi-parametric mixed-integer programming that is a geometric method programming. The multiparametric programming is used to find the variables to be optimized according to uncertain parameters. These uncertainties are modeled by intervals.
Acevedo and Pistikopoulos
26 present an algorithm for the multi-parametric mixed-integer linear problem. The algorithm is based on a Branch & Bound procedure where each node of the enumeration tree solves a relaxed problem using the multi-parametric linear programming. The bounding procedures are defined as functions of uncertain parameters.
Multi-parametric linear programming
An effective approach for solving the multi-parametric linear problem is given by Tomas Gal and Nedoma. 23 Only the basic definitions and principles are given in this paper. The proofs can be found in Tomas Gal and Nedoma. 23 Notation. The multi-parametric linear programming problems are formulated as follows 
T is a vector of parameters in a given space Ã ¼ fjG gg. The elements of matrix A, F, b and c are constant data.
Let B be an optimal basis and ¼ ½ j 1 , j 2 , . . . , j m be the related m-tuple of index of basic variables. The simplex table corresponding to the basis B can be formulated as follows
The primal condition in terms of is given by
that defined a region R of parameters as follows
ÀF b ð23Þ
We shall use 1 , 2 , . . . , k to distinguish different bases.
Theorems and definitions
Definition 1. is said to be a feasible vector of parameters if problems (15) and (16) . there exists 2 K such that both B 1 and B 2 are optimal basis of problems (15) and (16). . it is possible to go from B 1 to B 2 (and vice versa) by one step of the dual simplex algorithm. The objective of the multi-parametric linear programming is to find all optimal solutions of problems (15) and (16), their optimal value function z k and their corresponding critical regions
Procedure for solving Phase 1. Finding an initial solution.
1. Find a feasible solution ðx 0 , 0 Þ by considering as a vector of variables in problems (15) and (16) . The initial problem is infeasible for any if no feasible point can be found. 2. If there exists a feasible ðx 0 , 0 Þ, put ¼ 0 into the initial problems (15) and (16) and solve. If the latter problem has a finite solution, then according to definition 2, there exists an optimal basis B 0 to the problems (15) and (16) . Thus, 2 R 0 , R 0 6 ¼ ; and
. Consequently, the initial basis B 0 has been found.
Phase 2. Finding all optimal solutions.
1. Phase 2 starts with the optimal simplex table for 0 . The elements of the ith row of ÀF 0 can be regarded as the coefficients of the corresponding equations of a hyperplane representing the ''ith face'' of R 0 . Determine the face of the region R 0 along which the region R 0 has a neighbor by verifying two conditions:
Create two lists of optimal basis: list V consists of optimal basis such that we already know their neighbor, and list W keeps the optimal basis which has been defined but their neighbor has not yet been explored. V is initially empty and W is initialized with the optimal basis found in phase 1. 3. Choose any base k 2 W, the distance d between B k and B 0 equals one, and find all possible neighbor basis. Add in W those bases which are not in V or W. 4. We obtain those bases that are neighbor to B 0 by an exchange of the appropriate variables according to the simplex rules. 5. Repeat the whole procedure until the set W ¼ ;. V then represents the set of optimal basis that defines the solution of problems (15) and (16).
Multi-parametric mixed-integer linear programming
A Branch & Bound algorithm for solving multiparametric mixed-integer linear problem is given in Acevedo and Pistikopoulos. 26 The basic principles and mathematical foundations are given. The proofs can be found in their excellent original work.
Formulation. The multi-parametric mixed-integer linear programming problem for the right-hand sides can be expressed in the form (24). B&B is a tree enumeration procedure. At each level of the tree, two new nodes are generated by fixing one of the integer variables i to the two possible values (0,1). At each node, we solve the multi-parametric linear relaxation of problem (24) obtained by fixing a subset of i corresponding to the two possible values (0, 1); other integer variables are assumed to be continuous.
with r is the vector of relaxed variables and d r is vector of their corresponding coefficients.
The upper bound on the final solution z b ðÞ can be found at a terminal node in the tree where all integer variables have been fixed. These bounds are used to eliminate parts of uncertain space defined for the remaining nodes, i.e., subsequent nodes driven from node Thus, the first step is to find the intersection region
If R in 6 ¼ ;, the second step is to check whether z Repeat the whole procedure for all combinations of k and k0.
Summary of basic steps of algorithm. Now we can summarize a B&B algorithm for solving the multi-parametric mixed-integer linear problem:
1. Initialize the list of node to solve N ¼ ; 
Experimental and validation results

Scenarios of the case study
Let us reuse an example presented in the paper of Le and Ploix 13 for the allocation plan computation for this studied smart building platform for the next 24 h with an anticipative period T e ¼ 1 h. The plan starts at 0 am. The French energy pricing is used that has a low cost 0.0567 E in slack periods k ¼ 0, 1, 2, 3, 4, 5, f 22, 23g and a cost greater by 0.0916 E in the peak periods k 2 6, . . . , 21 f g . The maximum power supply is 7000 W. The forecast outdoor temperature and the predicted occupancy of the classroom is given, respectively, by Figure 3 1200 ppm. In this case, multi-uncertainty sources have been taken into account in the Robust Energy Management which was proposed in Le and Ploix. 13 The weather forecast data are assumed to be uncertain. The actual values are random variables supposed to be uniformly distributed around the predicted value with a precision of 1 C for the temperature and 5 W for the solar radiation. An implementation of multi-parametric programming in our energy smart home has been done using the Multi-Parametric Toolbox 3.0. 27 The resolution of the problem takes about 15 min (920 s) in using a CPU Intel Core i3, 2.00 GHz. Ploix 13 in Figure 4 (a) is the highlighted boundary in Figure 4 (b).
The energy assigned to the heating service according to the temperature outside for each period in the morning (from 5 am to 12 am) and in the afternoon (from 2 pm to 6 pm) are also obtained and presented, respectively, in Figures 5 and 6 .
Indeed, the approach proposed in Le and Ploix 13 offers many degrees of freedom to adjust the level of permissiveness of the calculated robust solution. A coverage rate of uncertainties can be chosen for each service and for each period of the planning horizon. The results given by the proposed approach give the user more information about uncertainties analysis in order to choose the best solution for him: the best compromise between robustness and performance, that gives him the satisfaction mostly without degrading the energy cost too much.
Conclusion
To analyze the impact of different uncertainties of prediction in the energy management problem, a multi-parametric mixed-integer linear programming algorithm is implemented. After a description of general principles and main steps, this algorithm is applied to various energy flow management problems in the building. The results obtained in uncertain context are presented as a family of optimal solutions. The uncertainties of forecast and planning are divided into a lot of critical areas where the objective function is piecewise linear according to the uncertainties.
The obtained results permit to analyze the sensitivity of the solutions according to uncertain parameters. Then the impact of an uncertainty can be analyzed. Each family of solutions can be used to find a robust solution over the uncertainties.
The results are interesting but some issues remain sensitive. It remains difficult to apprehend a large number of uncertainties because of the complexity induced. Moreover, the problems must be formulated to variables and uncertainties. To extend this approach, some optimization algorithms taking into account the stochastic uncertainty can also be used in addition.
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